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On relation between unitary gauge and gauge given by ((-limiting process 

T. Kiyan*, T. Maekawa, M. Masuda and H. Taira 
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It is shown that in general the gauge given by the limit of £ —> 0 in R 5 gauge does not necessarily 
agree with the unitary gauge by examining the symmetry breaking of two steps from SU(3) ® 11(1)^ 
to SU(2) ® U(l) v and then to U(l) em . 
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1. INTRODUCTION 


It is usually stated that the special gauge given by £ —> 0 in R$ gauge[l, g] is the unitary (U) gauge [gj ||, in this 
gauge only the exchanges of physical vector and physical Higgs particles] 5[ may be treated because the ghost fields 
and the Goldstone bosons@ drop out, and the U gauge is renormalizable if ultraviolet divergences resulting from the 
vector propagators are handled carefully. The U gauge is defined by the condition that the scalar field 4>{x) after the 
gauge fixing has no components in the subspace spanned by the Goldstone bosons, which is the space spanned by L l v 
with the real representation matrices L l corresponding to the symmetry breaking generators and with the vacuum 
expectation value v of a scalar field. On the other hand, the R £ gauge is usually defined by the condition that the 
gauge fixing is given through the gauge fields together with the ghost fields Q. Though their definition is different 
from each other, the gauge given by £ —■> 0 in R^ agrees with the U gauge in many cases such as in the standard 
model(SM). It is, however, expected that the special gauge and the U gauge will not necessarily agree because the R^ 
gauge is chosen with no transition terms resulting from the covariant kinetic energy term after the symmetry breaking 
while these transition terms do not vanish in the U gauge in general(7|. 

In this note, we study the model with the gauge group SU(3) ® Ufl)^ without the color symmetry and introduce 
the scalar fields, %, p , 77 , in order to make our discussion clear as well as the gauge fields. It is shown that when the 
spontaneous symmetry breaking (SSB) occurs through two steps such as SU(3) (g> U(l) iv —> SU(2) (g> U(l) y —> U(l) em 
the condition of the unitary gauge is not satisfied for the scalar particles remaining without vanishing in the limit of 


2. PRELIMINARIES 


Let us introduce the scalar fields which may be irreducible components of a scalar field under the group 
SU(3) (g> U(1) JV as follows 


X = 


P = 


77 = 


X~~ \ ~ (3,-1), 
X° / 

P + \ 

P° ~ (3,1), 

p++ ) 

77 0 \ 

rr ~ (3,0), 

77 + J 


( 2 . 1 ) 


where the charge operator is given by Q = T 3 — \/3T s + N with the generators T 7 , N of SU(3) and U(l) Ar . The 
renormalizable gauge invariant Lagrangian for the scalar and gauge fields is given by 

£ = E v ^ va ^ + y WO’ W- 2 ) 

a (f> 


E-mail : kyan@sci.kumamoto-u.ac.jp 





2 


where <j> stands for P and g, and the covariant derivative for (j) is defined by 

8 

= (dfj, - i| ~ igNy^B^cj), 

j=i 

with = —1,1 and 0 for = x, P and 77 . The field strengths of the gauge fields are as follows 

9 

v% = W - w; +g a J2 fabcV, X c , (2.3) 

be 


with Vff = , g a = g{a = 1, • • •, 8 ), V 9 = Bgg = g jv and the structure constants of the gauge group SU(3) <g> U(1) JV 

with f a b 9 = 0. In what follows the summation convention will be used unless stated otherwise. 

The potential of the scalar fields is given as follows 


V{<t>) = ci(x f X- ^xl ) 2 +c 2 (p f p- ^pl ) 2 + c 3 (rfr)~ ^r)l ) 2 
+ c 4 (x t x- \xl){p ] P -\pl) +c 5 (x f X- 
+ c 6 (p i p-^pl)(v i v-^vl) 

+ c 7 (x t p)(x t p) t +C8(x t »?)(x t ’7) t +c 9 (p t ??)(p t ? 7 ) t , (2.4) 

where the c ai \v,Pv and r/ v are some real constants and ( |2.4| ) is written by assuming a symmetry under <f> 

The scalar fields may be treated with the hermitian fields by writing < f>j = (foj + i<frij)/y/2 with the hermitian fields 
<pij and <p 2 j , and the notatio n cj> with the components (f> a j = 0 a j (a = 1,2) is used. Then, the covariant derivative 
corresponding to that below (T 2 ) can be rewritten as follows 


V^= + L a + )V“)$, 


(2.5) 


where the representation matrices, L±, for cj> are given by 


L a _=I 2 ®L a _, L“=t 2 0 L“, (2.6) 

L a ± = ^(L a ±L aT ), L a = X - A“ (a = 1,2,■ ■ •,8), L 9 = y^I 3 . 

It is noted that the representation matrices L± for <p are hermitian and antisymmetric and thus they are equivalent 
to some of the representation matrices of the orthogonal group SO( 6 ). The action of the L± on (j) is given by 
(L±<f>) a j = (J 2 or T 2 ) af ]L± jk (f)( 3 k with (I 2 ) a/ 3 = S a 0 and (r 2 ) a| g = -ie a p = iep a , e 12 = 1, and the following relations 
hold 

+ t 2 ) ® I 3 (j), 

(V^V^ = 1(2>V >) t (/ 2 + r 2 ) 0 I 3 V (2.7) 

We use the notation 4> = (x, p , tj) when the scalar fields are considered as the irreducible components of a scalar 
4>. Then the covariant derivative for $ can be written as follows 


= (,9 M - itf)*, ( 2 . 8 ) 

K* = K* ® K? © KJl , 


where © means a direct sum of the matrices and the notation denotes the quantity g A • A ^/2 + g^y^B M given 
below (2.2). The covariant derivative for $ corresponding to (2.8) is given as follows 


= (^ - itf*)S, 

K* = h® 0 K£_ 0 I<;_) + t 2 ® (K% + © © K; + ), 

K+ ± = ±(K+±Kf). 


(2.9) 
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The covariant kinetic energy for the scalar in ( p.2[ ) can be rewritten as follows 

<i> 

1 


= + r 2 ) <8 (I 3 © I 3 - 


nv 


( 2 . 10 ) 


3. SSB AND KINETIC ENERGY TERM OF SCALARS 


By introducing the VEV(y„) for y, the symmetry SU(3) <8) U(1) JV is broken down to SU(2)8U(l) y with the 
hypercharge Y = N — \/3 T 8 . The held is rewritten as follows 


*-> + 

The hermitian held y corresponding to y is written as follows 

X = Xv + X, 


(3.1) 


with (Xv)aj = Xv8a2Sj3- 

By hxing the gauge through the Higgs mechanism, the \ changes to the form 


X = 



Xh = Xhi 


(3.2) 


where the same notation for the \ before and after a transformation is used because the confusion will not occur and 
in what follows the same will be made unless stated otherwise. By the unitary transformation to hx the gauge, the 
helds p and rj will be affected but have the form corresponding to those before the symmetry breaking. 

is satished in the case of the breaking because the 
broken generators 


It is easily seen that the condition of the unitary 
following relations hold for the matrices corresponding to the 

xlh 


X a Xh = 0, (a = 5,7), 
A°X/ l = 0, (a = 4,6), 
X ^2 8 (~\/3A 8 /2 + l)x h = 0, 


aT 

X v T2 


(3.3) 


with (Xh)aj = Xh5 a 2Sj3- 

Next, by the VEV of p, the symmetry is broken down from SU(2) 8 U(1)y to U(l) em and the p may be written as 
follows 





The hermitian held p is written as follows 

P = Pv+ P- 

By hxing the gauge through the Higgs mechanism as in for the y, the p may be written in the form 


(3.4) 


P = 


1 

71 


o 

Pv + Ph 

Pin 


Ph=Ph- 


(3.5) 


Then, the condition of the unitary gauge is satished as in the case of the SM, i.e., 

Pvl 2 8 X 2 Ph = 0 , 
pIt-2 8 A 1 ^ = 0, 

Pv T 2 8 ((A 3 + V3A 8 )/2 - 1 )p h = 0, 


(3.6) 
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with the nonzero components {p v }aj = Pv^a 2 ^j 2 , Pa 2 = PhS a2 and p a 3 and thus the only symmetry of the U(l) em 
remains with the charge operator Q(= T 3 + Y). It is noted that the third component of the x is not affected but that 
of p is affected by a transformation of the gauge fixing at this stage. 

Similarly, the VEV of the p is introduced as follows 


x = ^ta, + i') = ^ 


Vi 


V 2 

vt 


(3.7) 


It is evident that the VEV of the p is independent of the symmetry breaking because the relation t 2 <g> Qfj v = 0 holds 
and there remains no symmetry breaking ge ner ator. 

It is easily seen that the above conditions (345) and ([ft]) do not change even in the case by one step of breaking from 
SU(3) (g) 11(1)^ to U(l) em . Explicitly, with a well known method one parametrizes the x i n the form U^.(x v +Xh)/V 2 
with the x in (3-2) and the p in the form U^U^py + ph)/V2 with the p of (3.5), and then the unitary transformation 
by U P U X may be carried out to give the desired result. 

The covariant kinetic energy terms of the scalar fields in terms of the tilde fields are rewritten as follows 

Vpcfi = 

4, 4> 

+ \v t {I 2 + r 2 ) <g> + 0 t (I 2 + t 2 ) ® 

+ 2 w T K*d»4> + v t K^K^v 1 , (3.8) 

where v stands for x v . p v , p v . The last term in ( |3.8| ) gives the mass to the gauge bosons and rewritten in terms of 
the mass eigenstates as follows 


M^W^+W- + M 2 x X^X~ + M 2 Y» ++ Y-~ + - + M 2 2 Z%Z 2 y) , 


(3.9) 


where 


s/2W±=Al T iA% V2X±=At±iAl V2Y±± = A°y ± iA 7 y, 

Ay. = SyyA 3 p + Cw (-VStwAl + yj 1 — 3 , 

Zy = cwA 3 p - sw(-V3twA 8 ^ + yj 1 - 3 t^By ), Z'y = yj 1 - + V3twB l 

Ziy = cos 4>Zy + sin tpZy, Z 2 y = - sin (j>Zy + cos 4>Z'y, 

M w = ^j(Pv + Pv) > M x = ^J (xl + vl )> m y = ~ j- (%: 

M z + M z / — yj (M z , — M z ) 2 + 4 (Mzz 1 ) 4 

M 2 Z + M 2 , + ^/(M|,-M|) 2 + 4(M ZZ ') 4 

9 n 


Pin 


M 2 = 


Ml, = J 


cw = cos 9w, tw = tan 9w = 


\fg 2 + 3g 2 N 


tan d> = 


Ml - M 2 Zi 
M'lz' 


M 2 = 


M 


2 ’ 
c w 


M 2 Z ,= 


1 


3(l 3t^) - 

1 


cw -y/3 (l Hw) 


(2 + 3t^-)Afy + (2 — 3 tw)M x — (l + 3f^y) (l — 3tw)Mw 
My — Ml + 3 twMlr 


AIzz' — 


The third term on the right side in ( J3.8| ) remains without vanishing in the Higgs mechanism in contrast to the cases 
of the SM and the R^ gauge and is given as follows 


WPv (Yy - Y++d^p h ) + igp v (W+d^p h - Wy d^p h f ) 

+igpv{X~d^p+ - X+d^) - gp v (A 3 y + 


(3.10) 
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where r]± = r)±. The last gauge term in ( 3.10| ) can be expressed in terms of the Z M and Z' as follows 


A l+ ^ A l Cw Z,l+ V3V 1 3 ^’ 


which means that the transition between A^ and rju does not occur as is desired. Even with use of the R j gauge in 
the stage of the symmetry breaking of SU(2) (g> U(l) r to U(l) em these terms remain without vanishing. The existence 
of these transition terms gives an effect on the propagator through the mixing of the scalar and gauge fields, and then 
gives rise to disagreement with the limit of £ —* 0 in the R£ gauge in which these transition terms disappear from the 
Lagrangian by the gauge fixing term. 


4. GAUGE FIXING AND GHOST TERMS IN GAUGE 


In this gauge, the scalar fields ha ve t hree non-zero components as in ( |3.l| ) and (3.4). It is convenient to use the 
hermitian fields such as that below Q- Then, the Lagrangian is given by these fields and a brief explanation will 
be givenjij. 

The second order terms on the fields in the Lagrangian are related with the propagators and one will give these 
terms below. The kinetic energy terms of the scalar fields are written as follows 




1 

1 

2 

„P 2 v 

+ 


1 


pi 

+ 

Pv 


1 


XA 

+ 

pi 


1 


XA 

+ 

pI 


1 


XA 

+ 

Vv 


1 



;{(/9„9 M ?7i2 - rivd^pn) 2 + (rjvd^rjn + p^pn) 2 } 


XA, + Vv 1 ' 

(d^x a3 ) 2 + (d^p a2 ) 2 + (d^ al y 2 


+ •q v d^P2i) 2 

+ (?7i,(9^7722 - 

- p v d^p2i) 2 } 

- Pvd^x 12) 2 

+ (Xvd^Xu 

+ Pvd^pn) 2 } 

+ Pvd IJ ‘X22) 2 

+ (Xv 9^X22 

— p t ,9 M p23) 2 | 

+ Vvd»X2i) 2 

+ (Xt>5 M X21 

- ri v d ll T)'23) 2 ^ 

- Vvd^xu) 2 

+ (Xvd^xn 

+ ^9 M 7713) 2 }| 


(4.1) 


where each term is rew ritte n in a linear form except for the last line for latter convenience. Similarly, the second order 
terms in the potential (2.4) are given as follows 


V 


+ 

+ 


£7 

4 

Cg 

4 


^ (XvPl3 ~ PvX 12) 2 + (pvX 22 + XvP23 ) 2 | 
{{XvVl3 - VvXll) 2 + (XvV23 + ^X2l) 2 } 
~^{(Pvi 712 - VvPll) 2 + (Pvf 122 +^P2l) 2 | 


where 




( X23 ) 

P 22 i P 21 ) 

M (x,P,ri) 

b 2 , 



\ri21) 

/ 2cix 2 

^4 XvPv 

C-bXvPv 

1 C4 X.vPv 

2c 2 p 2 

^6 Pv Pv 

\ CbXvVv 

CQ Pv Pv 

2c 3 ?7 2 


(4.2) 


It is noted that the second order terms of the scalar fields in the Higgs mechanism are given from 0 ancl (ED b y 
putting Xaj — > Xh8a25j3, Pal —> 0, p a 2 —> PhS a 2 with all other terms. 

The gauge fixing Lagrangian is given without using auxiliary fields by [Q 


^f = -\Y,( d ‘ l K- i p avTL ^) > 

Z a =1 ^ 


(4.3) 
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where 


L ia = I 2 © {L*_ a © L p _ a © LT ) + r 2 © (if © L^ a © £}°), 
L t a = ±L^ aT ), 

L *° = L ° = l A“ (a = 1, 2, • • •, 8); y 0 / 3 (a = 9), 

$ = (x, p > ? y) T - 


It is noted that the cross terms from fj give the total divergence together with the third term in ( |3.8| ) and thus 
these terms are omitted from the Lagrangian. The explicit expression of ( |4.3| ) except for the cross terms is given as 
follows 


where 


£gf ~ £ 


(trw+Y + {d p x+y + (a % ++ ) 2 + -(d p z^y + -{p p z^y + -{d p A,y 


9_ 

8 ?L 


{VvVr2 + PvPll ) 2 + {r]vf }22 - pvP 2 i ) 2 + (xvXn + VvV 13 ) 2 + (XvX .21 - ^23 ) 2 
+ (XvXl2 +PvPl 3 )~ + (XvX22 - PVP23) 2 - -^y M +{p M +y +M^(? 7 M _) 2 |, 


Xo = a(p v T] v x 13 + XvVvPi2 + XvPvfj 11 ) J Pm+ = cos Op- + sin Ofj+, 
Vm_ = — sin 6 p_ + cos 6 fj+, p_ = b(\vX 13 + p v pi 2 - 2 rj v fjii), 

9+ = c[xv{pl + 2?7^)xi3 - p v {xl + ivl)pi 2 + Vv(xl - pl)mi }, 
(^{xIpI +xtvl +vIpI) = !» b 2 (xl + pi + 4fy 2 ) = 1, c = ab, 

1 [m| 3 - M 2 2 - v/(M| 3 -M| 2 ) 2 + 4(M| 3 ) S 


tan 0 = 


2 Mf 3 l 


M | 2 = 6 2 


9 ( 4 . . A . A 4 . 22,o22,o2 2\, 2 f 2 2 V 

^ y^Xi; “I” Pi; “I” Pv^Cv "b "b ^PvPv J "b 9n ^Xu Pv J 


M 2 — I 
^ 33 “ a 2 ' ' 


9n 


M‘i :i = —[xi-Pt)[^- 


9n 


Ml = 


1 I"S ( 2 , 2 , 2\ i 2 ( 2 i 2\ 

2 y (Xu + Pv + Vv J + 0JV (Xu + Pv J 

\j{^(xl + pl+vi) +9 2 n(x 2 v +pi)} ^^2^+9%) 


The Lagrangian for the ghost fields is given by 

gh = ^ 


d p C a (d^C a + g a fabcV*C c ) - 9 -^ C a v T L* a L ib (v + 3>)C b 


(4.4) 


(4.5) 


The masses of the ghost fields are determined from the last term in (ETg) and given with the expression corresponding 


-p,± 


to (3.9) for the vector fields except for the factor £. The notations such as Cy j> and C w are used for the ghost fields 
with the definite mass corresponding to these of the vector held such as . 


5. DISCUSSION 


In the Higgs mechanism the held x is changed to the form of (3.2) in the symmetry breaking of SU(3) © U(l)jy 


to SU(2) ©U(1) Y but the p , ?y have the three components whi ch a re affected by the gauge transformation. In the 
violation of SU(2) © U(l) y to U(l) t he p is hxed to the form (|3.5|) b y the gauge transformation. Thus, in the case 
of the U gauge the third term of (|3.8|) (or the transition terms (j3.10|)) appears without vanishing and can not be 
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eliminated by some physical procedure because there remains only to fix the gauge of U(l) em . Thus, the propagators 
for the gauge and scalar fields are given through a combination of these fields. For instance, for a pair of A ® and ph 13 
their propagator satisfies the equation 


(d 2 + M 2 )gP v - d p d v ~\gp v & 

\gp v d p ~(d 2 + \c 7 x 2 


^ D (gp',pn',x~y) = (^ g {) ^^ 4 (x-y), 


which gives the form in momentum representation neglecting a factor for boundary condition 


iD(g p ) = i 


k 2 - My 


n _ k ^ 

0 



Xv 


k 2 - Zz-M 2 
9 2 y 


V 


g z p z k^k u 

4 mE 

iqp v k^ 

2 M'tr 


iqpv k v 

~ 2 Mf 

1 


It thus follows that the propagators for the gauge and the scalar fields can not be separated for each of the gauge and 
scalar particles in general in the case of the U gauge. 

On the other hand, in the R g gauge the third term in makes a total derivative together with the term from 
the gauge fixing Lagrangian (4.3) to be neglected from it. It follows from (3.9) and (4.4) that the propagators for the 


gauge particles are given in the well known form and thus approach to those for the vector particles in the limit of 
£ —> 0 for massive particles. 

The propagators of the ghost fields are given with the mass term in a form (mass of vector particle ) 2 /£ except for 
a mass zero field corresponding to A^, which remains as a free field, and thus these ghost fields approach to zero in 
the limit of £ —> 0 in agreement with the known results. 

The propagators for the scalar fields are obtained from ( fl.l|) , (|4.2| ) and (4.4) and some of them are given explicitly 
as follows 


k 2 - M 2 

g 2 * 


k 2 - M 2 / 2£ 


k 2 - M 2 ’ 

s 2 x 


k 2 - M 2 ./£ 


k 2 - M£/£ 


for 

for 

for 

for 


1 


y/pl + Vv 

1 


\Tp 


2 + 7 ? 2 

V 1 'lv 


1 


Vxi + Vv 

1 


{PvP 12 — VvPll)i 
(VvVl2 + PvPll), 
(Xvfjl3 ~ VvXll), 


Vxl + vi 


(XvXu +Vvfjn), 


for p M+ , 


k 2 - Mf/i 


; for fj M _ ■ 


It follows that in the limit of £ —> 0 the mass for the combinations such as (%?)i 2 +PvPu)i XvX .11 +VvVi 3 , Pm + and t)m_ 
which are not contained in the potential approaches to infinity and thus the fields with the mass will approach to zero, 
while the fields with the mass independent of £ such as those for p v fj \2 ~ VvPn and XvVi 3 — VvXn can not disappear. 
And it is easily seen that all components of the tilde fields must remain without vanishing. Then it is apparent that the 
condition (|7|) of the uni tary gauge is not satisfied for such x with nonzero components Xaj (ct = 1, 2; j = 1,2; a = 
1, j = 3) and similarly ( |3.6|) is not satisfied for the p with the components p a j (a = 1,2; j = 1; a = 1, j = 2). 
Thus, it may be concluded that in gene ral t he ga uge given by the limit of £ —> 0 is not the unitary gauge given by the 
condition of the unitary gauge such as ( |3.3| ) and (3.6) though the ghost fields and the Goldstone bosons drop out. Of 
course, if only the x exists, it is easily seen that the gauge given by the limit of £ —> 0 agrees with the unitary gauge 
as in the SM because in this case the tilde fields except for \ 2 3 disappear. 

It is noted that the eight degree of freedom of the scalar particles disappears in the limit of £ —> 0 which fact agrees 
with the general result in the Higgs mechanism and then the special gauge of £ —> 0 contains only the physical vector 
and scalar particles in a sense with definite mass, while in t he ga uge of the Higgs mechanism the vector and scalar 
particles except for Xh , Ph and rjh 2 i are mixed as seen from ( 3.10 ) to give their propagators and in the sense with no 
definite mass they will not correspond to the physical particles in general. 
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